In this paper, we consider the r-polynomials in Hecke algebras with unequal parameters and obtain results of on r-polynomials (in Thm 2.4).
Introduction
Let (W , S) be a Coxeter system, ie. W is a group generated by the set S with the relations as follows:
where s i , s j ∈ S and m(i, j) = 1 with i = j, while m(i, j) = m(i, j) ≥ 2 with i = j. For the generators set S, we say the group W is of rank |S|.
1.1.
Definition. Let w = s 1 s 2 · · · s r ∈ W be any expression with s i ∈ S for 1 ≤ i ≤ r. Define the length function l(w) to be the smallest r for which such a expression exists, and we call the expression reduced. Generally, the reduced expression of W is not necessary uniquely determined. For expression, let w = aba · · · ∈ W be reduced expression, where l(aba · · · ) = m(a, b) = l(bab · · · ). Then we can get that w = aba... This work was supported in part by the NSF of P.R. China (no. 11261021) and the NSF of JX Province(no. 20142BAB211011).
are both reduced expression of w.
1.2.
Definition. Let T be the set of reflections in W i.e. T = {w −1 sw| s ∈ S, w ∈ W }. Write w → w if w = w t for some t ∈ T with l(w) > l(w ). Then define w < w if there is a sequence w = w 0 → w 1 → . . . → w m = w. It is clear that the resulting relation w < w is a partial ordering of W , with unit as the unique minimal element. We call it the Bruhat ordering.
There is a very simple and useful characterization of Bruhat ordering in terms of subexpressions of a given reduced expression w = s 1 s 2 · · · s r , by which we mean products (not necessary reduced, and possibly empty) of the form
Formally, the given reduced expression is an ordered r-tuple of elements of S, and a subexpression is an q-tuple obtained by discarding some or all of these elements.
1.3. Proposition. Let w = s 1 s 2 · · · s r be a fixed, but arbitrary, reduced expression for w. Then w ≤ w if and only if w can be obtained as a subexpression of this reduced expression. Generally, the subexpression is not unique.
For example, let
, and w = s 2 s 1 s 2 s 3 , w = s 3 , then there are two type of subexpression: w = s 2 s 2 s 3 or w = s 3 , which obtained by discarding s 1 or s 2 s 1 s 2 , we note it by w = s 2ŝ1 s 2 s 3 or w =ŝ 2ŝ1ŝ2 s 3 . In the remainder of the section we regard the ways from w to obtain s 3 are two ways.
1.4. Proposition. Let w ≤ w and s ∈ S. Then either w s ≤ w or else w s ≤ ws (or both).
We will assume that a weight function L : W → Z is fixed; we then say that (W, L) is a weighted Coxter group. In general L is determined by its values L(s) on S which are subject only to the condition that L(s) = L(s ) for any s = s in S such that m s,s is finite and odd. We necessary have
1.6. Definition. Let H be the A-algebra with unit defined by the generators T s (s ∈ S) and the relations (a) (
(both products have m s,s factors) for any s = s in S such that m s,s < ∞. H is called the Hecke algebra or the Iwahori-Hecke algebra.
Note: (a ) For w ∈ W we have T w = T s 1 T s 2 . . . T sq , where w = s 1 s 2 . . . s q is a reduced expression; (b ) By (a), for s ∈ S, the element T s ∈ H is invertible: we have T
T w is independent of the choice of reduced expression, by (b).
1.7. Definition. Let¯: A → A be the ring involution which takes v n to v −n for any n ∈ Z. w −1 for any w ∈ W . 1.9. Proposition. For any w ∈ W we can write uniquely T w = y∈ Wr y, w T y where r y, w ∈ A are zero for all but finitely many y.
1.10. Proposition. Let w ∈ W and s ∈ S be such that w > sw. For y ∈ W we have (1) r y, w = r sy, sw if sy < y, (2) r y, w = r sy, sw +(v s − v 
Some conclusion about r-polynomial
In this section, we get that r y, w is depend on the way by which we can obtain y by discarding some or all elements of w in case of y ≤ w. At first, in order to know better of the "way", we take the following case as examples. (9),(10) are the same way, with the discarded elements are symmetrical. So there are in total eight ways from w to e.
The next we will see that how r y, w is depend on the way by which we can obtain y by discarding some or all elements and begins with Lemma 2.1.
2.1.
Lemma. Let w ∈ W and s ∈ S be such that w > sw, then we can choice the reduced expression w = s 1 s 2 · · · s r , where s = s 1 . For y ≤ w and l(w) − l(y) = k we have (1) If sy can be obtained by discard
(2) we can set
Lemma. Let y < w. Then r y, w is a polynomial in Z[Q s ] with indeterminates Q s , s ∈ S with the all coefficients are non-nagetive.
PROOF. We prove lemma by induction on l(w). If l(w) = 1 the result is obvious. Assume now that l(w) ≥ 1. We can find s ∈ S such that w > sw. If now sy < y. Proposition 1.7 we see that r y, w = r sy, sw using the induction hypothesis that r sy, sw have all coefficient of the product of Q s , s ∈ S in r y, w is positive, so it is same to r y, w . Assume next that sy > y. Form proposition 1.7 we see that r y, w = r sy, sw + Q s r y, sw , by the induction hypothesis, we have proved the lemma.
2.3. Lemma. Let w = s 1 s 2 · · · s r be a reduced expression, and y ≤ w. Then we can discard some s i ∈ S to obtain y = s 1 · · ·ŝ i 1 · · ·ŝ i k · · · s r , where PROOF. We prove the lemma by induction on k. If k = 1, r y, w = r e, s i 1 = Q s i 1 .
In case k > 1 , y = s 1 · · ·ŝ i 1 · · ·ŝ i k · · · s r , hence by proposition 1.7, we have Assume that k ≥ 1. We use induction on l(w), if l(w) = 1, it is right. If l(w) > 2, we can find s ∈ S such that w > sw. In the case we have:
(a)If sy < y. Then r y, w = r sy, sw , so there be an form k n=1 Q in in r sy, sw . By induction and lemma 2.3(1), we have that we can discard some s ∈ S to obtain y = s 1 · · ·ŝ
(b)If sy > y. Then r y, w = r sy, sw + Q s r y, sw , hence k n=1 Q in in r y,w is either in r sy, sw or in Q s r y, sw . When k n=1 Q in in Q s r sy, sw , by lemma 2.3(1), we can get the result. When k n=1 Q in in Q s r y, sw , then k n=2 Q in in r y, sw by regard s = s i 1 . By induction, there be a way, discarding s i 2 , · · · , s iq , to obtain y from sw. From lemma 2.3(2), we can discard s i 1 , s i 2 · · · , s iq to obtain y in w as required. In the case 1 as above, by lemma 2.6, r y,w = Q s 2 Q s 4 .
In the case 2 , there must be Q s 2 = Q s 1 and Q s 1 2 Q s 2 = Q s 2 2 Q s 1 in the r y,w .
2.4.
Theorem. Let w = s 1 s 2 · · · s r be a reduced expression, and y ≤ w.
If we can get y by discard some s ∈ S, in m ways like in lemma 2.6. Then PROOF: The result is easy to get by lemma 2.4.
In the case 2 as above, r y,w = Q s 2 + Q s 1 2 Q s 2 .
